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TWISTED CONVOLUTION, PSEUDO-DIFFERENTIAL
OPERATORS AND FOURIER MODULATION SPACES
JOACHIM TOFT
Abstrat. We disuss ontinuity of the twisted onvolution on
(weighted) Fourier modulation spaes. We use these results to es-
tablish ontinuity results for the twisted onvolution on Lebesgue
spaes. For example we prove that if ω is an appropriate weight and
1 ≤ p ≤ 2, then Lp(ω) is an algebra under the twisted onvolution.
We also disuss ontinuity for pseudo-dierential operators with
symbols in Fourier modulation spaes.
0. Introdution
In this paper we ontinue the disussions from [22℄ onerning onti-
nuity and algebrai properties for pseudo-dierential operators in bak-
ground of Lebesgue spaes and the theory of modulation spaes. These
investigations also involve studies of twisted onvolutions, whih are
onneted to the pseudo-dierential alulus, in the sense that the
Fourier transform of a Weyl produt is essentially a twisted onvolution
of the Weyl symbols. By ombining the latter property with ontinuity
results of the Weyl produt on modulation spaes in [22℄, we establish
ontinuity properties of the twisted onvolution on Fourier modulation
spaes. From these results we thereafter prove ontinuity properties of
the twisted onvolution on weighted Fourier Lebesgue spaes.
We also onsider ontinuity for pseudo-dierential operators with
symbols in Fourier modulation spaes. We establish ontinuity proper-
ties of suh pseudo-dierential operators when ating between modu-
lation spaes and Fourier modulation spaes. These investigations are
based on an important result by Cordero and Okoudjou in [2℄ onern-
ing mapping properties of short-time Fourier transforms on modulation
spaes.
The (lassial) modulation spaes Mp,q, p, q ∈ [1,∞], as introdued
by Feihtinger in [5℄, onsist of all tempered distributions whose short-
time Fourier transforms (STFT) have nite mixed Lp,q norm. (Cf.
[8℄ and the referenes therein for an updated desribtion modulation
spaes.) It follows that the parameters p and q to some extent quan-
tify the degrees of asymptoti deay and singularity of the distribu-
tions in Mp,q. The theory of modulation spaes was developed further
and generalized in [6, 7, 911, 14℄, where Feihtinger and Gröhenig es-
tablished the theory of oorbit spaes. In partiular, the modulation
1
spaes Mp,q(ω) and W
p,q
(ω), where ω denotes a weight funtion on phase
(or time-frequeny shift) spae, appears as the set of tempered (ultra-)
distributions whose STFT belong to the weighted and mixed Lebesgue
spae Lp,q1,(ω) and L
p,q
2,(ω) respetively. (See Setion 1 for strit denitions.)
By hoosing the weight ω in appropriate ways, the spae W p,q(ω) beomes
a Wiener amalgam spae, introdued in [3℄ by Feihtinger.
A major idea behind the design of these spaes was to nd useful
Banah spaes, whih are dened in a way similar to Besov and Triebel-
Lizorkin spaes, in the sense of replaing the dyadi deomposition on
the Fourier transform side, harateristi to Besov and Triebel-Lizorkin
spaes, with a uniform deomposition. From the onstrution of these
spaes, it turns out that modulation spaes of the formMp,q(ω) and Besov
spaes in some sense are rather similar, and sharp embeddings between
these spaes an be found in [36,38℄, whih are improvements of ertain
embeddings in [13℄. (See also [28℄ for veriation of the sharpness.) In
the same way it follows that modulation spaes of the form W p,q(ω) and
Triebel-Lizorkin spaes are rather similar.
During the last 15 years many results have been proved whih onrm
the usefulness of the modulation spaes and their Fourier transforms
in time-frequeny analysis, where they our naturally. For example,
in [11, 15, 20℄, it is shown that all suh spaes admit reonstrutible
sequene spae representations using Gabor frames.
Parallel to this development, modulation spaes have been inorpo-
rated into the alulus of pseudo-dierential operators. In fat, in [27℄,
Sjöstrand introdued the modulation spae M∞,1, whih ontains non-
smooth funtions, as a symbol lass and proved thatM∞,1 orresponds
to an algebra of operators whih are bounded on L2.
Gröhenig and Heil thereafter proved in [15, 17℄ that eah opera-
tor with symbol in M∞,1 is ontinuous on all modulation spaes Mp,q,
p, q ∈ [1,∞]. This extends Sjöstrand's result sine M2,2 = L2. Some
generalizations to operators with symbols in general unweighted mod-
ulation spaes were obtained in [18, 36℄, and in [37, 39℄ some further
extensions involving weighted modulation spaes are presented. Mod-
ulation spaes in pseudodierential alulus is urrently an ative eld
of researh (see e. g. [16, 18, 19, 21, 2426,2830,33, 36, 39℄).
In the Weyl alulus of pseudo-dierential operators, operator om-
position orresponds on the symbol level to the Weyl produt, some-
times also alled the twisted produt, denoted by #. A problem in this
eld is to nd onditions on the weight funtions ωj and pj, qj ∈ [1,∞],
that are neessary and suient for the map
(0.1) S (R2d)×S (R2d) ∋ (a1, a2) 7→ a1#a2 ∈ S (R
2d)
to be uniquely extendable to a map from Mp1,q1(ω1) (R
2d)×Mp2,q2(ω2) (R
2d) to
Mp0,q0(ω0) (R
2d), whih is ontinuous in the sense that for some onstant
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C > 0 it holds
(0.2) ‖a1#a2‖Mp0,q0
(ω0)
≤ C‖a1‖Mp1,q1
(ω1)
‖a2‖Mp2,q2
(ω2)
,
when a1 ∈ M
p1,q1
(ω1)
(R2d) and a2 ∈M
p2,q2
(ω2)
(R2d). Important ontributions
in this ontext an be found in [16, 22, 24, 27, 33℄, where Theorem 0.3
′
in [22℄ seems to be the most general result so far.
The Weyl produt on the Fourier transform side is given by a twisted
onvolution, ∗σ. It follows that the ontinuity questions here above are
the same as nding appropriate onditions on ωj and pj , qj ∈ [1,∞], in
order for the map
(0.3) S (R2d)×S (R2d) ∋ (a1, a2) 7→ a1 ∗σ a2 ∈ S (R
2d)
to be uniquely extendable to a map from W p1,q1(ω1) (R
2d)×W p2,q2(ω2) (R
2d) to
W p0,q0(ω0) (R
2d), whih is ontinuous in the sense that for some onstant
C > 0 it holds
(0.4) ‖a1 ∗σ a2‖W p0,q0
(ω0)
≤ C‖a1‖W p1,q1
(ω1)
‖a2‖W p2,q2
(ω2)
,
when a1 ∈ W
p1,q1
(ω1)
(R2d) and a2 ∈ W
p2,q2
(ω2)
(R2d). In this ontext the onti-
nuity result whih orresponds to Theorem 0.3
′
in [22℄ is Theorem 2.3
in Setion 2.
In the end of Setion 2 we espeially onsider the ase when pj =
qj = 2. In this ase, W
2,2
(ωj)
agrees with L2(ωj), for appropriate hoies
of ωj. Hene, for suh ωj, it follows immediately from Theorem 2.3
that the map (0.3) extends to a ontinuous mapping from L2(ω1)(R
2d)×
L2(ω2)(R
2d) to L2(ω0)(R
2d), and that
‖a1 ∗σ a2‖L2
(ω0)
≤ C‖a1‖L2
(ω1)
‖a2‖L2
(ω2)
,
when a1 ∈ L
2
(ω1)
(R2d) and a2 ∈ L
2
(ω2)
(R2d). In Setion 2 we prove a
more general result, by ombining this result with Young's inequality,
and then using interpolation. Finally we use these results in Setion 3
to enlarge the lass of possible window funtions in the denition of
modulation spae norm.
1. Preliminaries
In this setion we reall some notations and basi results. The proofs
are in general omitted.
We start by disussing appropriate onditions for the involved weight
funtions. Assume that ω and v are positive and measureable funtions
on R
d
. Then ω is alled v-moderate if
(1.1) ω(x+ y) ≤ Cω(x)v(y)
for some onstant C whih is independent of x, y ∈ Rd. If v in (1.1) an
be hosen as a polynomial, then ω is alled polynomially moderated.
We let P(Rd) be the set of all polynomially moderated funtions on
3
R
d
. If ω(x, ξ) ∈ P(R2d) is onstant with respet to the x-variable
(ξ-variable), then we sometimes write ω(ξ) (ω(x)) instead of ω(x, ξ).
In this ase we onsider ω as an element in P(R2d) or in P(Rd)
depending on the situation.
The Fourier transform F is the linear and ontinuous mapping on
S ′(Rd) whih takes the form
(Ff)(ξ) = f̂(ξ) ≡ (2π)−d/2
∫
Rd
f(x)e−i〈x,ξ〉 dx
when f ∈ L1(Rd). We reall that F is a homeomorphism on S ′(Rd)
whih restrits to a homeomorphism on S (Rd) and to a unitary oper-
ator on L2(Rd).
Let ϕ ∈ S ′(Rd) be xed, and let f ∈ S ′(Rd). Then the short-time
Fourier transform Vϕf(x, ξ) of f with respet to the window funtion
ϕ is the tempered distribution on R2d whih is dened by
Vϕf(x, ξ) ≡ F (f ϕ( · − x)(ξ).
If f, ϕ ∈ S (Rd), then it follows that
Vϕf(x, ξ) = (2π)
−d/2
∫
f(y)ϕ(y − x)e−i〈y,ξ〉 dy.
Next we reall some properties on modulation spaes and their Fourier
transforms. Assume that ω ∈ P(R2d) and that p, q ∈ [1,∞]. Then the
mixed Lebesgue spae Lp,q1,(ω)(R
2d) onsists of all F ∈ L1loc(R
2d) suh
that ‖F‖Lp,q
1,(ω)
< ∞, and Lp,q2,(ω)(R
2d) onsists of all F ∈ L1loc(R
2d) suh
that ‖F‖Lp,q
2,(ω)
<∞. Here
‖F‖Lp,q
1,(ω)
=
(∫ (∫
|F (x, ξ)ω(x, ξ)|p dx
)q/p
dξ
)1/q
,
and
‖F‖Lp,q
2,(ω)
=
(∫ (∫
|F (x, ξ)ω(x, ξ)|q dξ
)p/q
dx
)1/p
,
with obvious modiations when p =∞ or q =∞.
Assume that p, q ∈ [1,∞], ω ∈ P(R2d) and ϕ ∈ S (Rd) \ 0 are
xed. Then the modulation spae Mp,q(ω)(R
d) is the Banah spae whih
onsists of all f ∈ S ′(Rd) suh that
(1.2) ‖f‖Mp,q
(ω)
≡ ‖Vϕf‖Lp,q
1,(ω)
<∞.
The modulation spae W p,q(ω)(R
d) is the Banah spae whih onsists of
all f ∈ S ′(Rd) suh that
(1.3) ‖f‖W p,q
(ω)
≡ ‖Vϕf‖Lp,q
2,(ω)
<∞.
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The denitions ofMp,q(ω)(R
d) andW p,q(ω)(R
d) are independent of the hoie
of ϕ and dierent ϕ gives rise to equivalent norms. (See Proposition
1.1 below). From the fat that
Vbϕf̂(ξ,−x) = e
i〈x,ξ〉Vϕˇf(x, ξ), ϕˇ(x) = ϕ(−x),
it follows that
f ∈ W p,q(ω)(R
d) ⇐⇒ f̂ ∈Mp,q(ω0)(R
d), ω0(ξ,−x) = ω(x, ξ).
For onvenieny we setMp(ω) = M
p,p
(ω), whih agrees withW
p
(ω) = W
p,p
(ω) .
Furthermore we set Mp,q = Mp,q(ω) and W
p,q = W p,q(ω) if ω ≡ 1. If ω is
given by ω(x, ξ) = ω1(x)ω2(ξ), for some ω1, ω2 ∈ P(R
d), then W p,q(ω) is
a Wiener amalgam spae, introdued by Feihtinger in [3℄.
The proof of the following proposition is omitted, sine the results
an be found in [4, 5, 911, 15, 3639℄. Here and in what follows, p′ ∈
[1,∞] denotes the onjugate exponent of p ∈ [1,∞], i. e. 1/p+1/p′ = 1
should be fullled.
Proposition 1.1. Assume that p, q, pj, qj ∈ [1,∞] for j = 1, 2, and
ω, ω1, ω2, v ∈ P(R
2d) are suh that ω is v-moderate and ω2 ≤ Cω1 for
some onstant C > 0. Then the following are true:
(1) if ϕ ∈M1(v)(R
d)\0, then f ∈Mp,q(ω)(R
d) if and only if (1.2) holds,
i. e. Mp,q(ω)(R
d). Moreover, Mp,q(ω) is a Banah spae under the
norm in (1.2) and dierent hoies of ϕ give rise to equivalent
norms;
(2) if p1 ≤ p2 and q1 ≤ q2 then
S (Rd) →֒ Mp1,q1(ω1) (R
n) →֒ Mp2,q2(ω2) (R
d) →֒ S ′(Rd);
(3) the L2 produt ( · , · ) on S extends to a ontinuous map from
Mp,q(ω)(R
n) × Mp
′,q′
(1/ω)(R
d) to C. On the other hand, if ‖a‖ =
sup |(a, b)|, where the supremum is taken over all b ∈ S (Rd)
suh that ‖b‖
Mp
′,q′
(1/ω)
≤ 1, then ‖ · ‖ and ‖ · ‖Mp,q
(ω)
are equivalent
norms;
(4) if p, q < ∞, then S (Rd) is dense in Mp,q(ω)(R
d) and the dual
spae of Mp,q(ω)(R
d) an be identied with Mp
′,q′
(1/ω)(R
d), through the
form ( · , · )L2. Moreover, S (R
d) is weakly dense in M∞(ω)(R
d).
Similar fats hold if the Mp,q(ω) spaes are replaed by W
p,q
(ω) spaes.
Proposition 1.1 (1) allows us be rather vague onerning the hoie
of ϕ ∈ M1(v) \ 0 in (1.2) and (1.3). For example, if C > 0 is a onstant
and A is a subset of S ′, then ‖a‖W p,q
(ω)
≤ C for every a ∈ A , means
that the inequality holds for some hoie of ϕ ∈ M1(v) \ 0 and every
a ∈ A . Evidently, a similar inequality is true for any other hoie of
ϕ ∈ M1(v) \ 0, with a suitable onstant, larger than C if neessary.
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In the following remark we list some other properties for modulation
spaes. Here and in what follows we let 〈x〉 = (1+|x|2)1/2, when x ∈ Rd.
Remark 1.2. Assume that p, p1, p2, q, q1, q2 ∈ [1,∞] are suh that
q1 ≤ min(p, p
′), q2 ≥ max(p, p
′), p1 ≤ min(q, q
′), p2 ≥ max(q, q
′),
and that ω, v ∈ P(R2d) are suh that ω is v-moderate. Then the
following is true:
(1) if p ≤ q, then W p,q(ω)(R
d) ⊆ Mp,q(ω)(R
d), and if p ≥ q, then
Mp,q(ω)(R
d) ⊆W p,q(ω)(R
d). Furthermore, if ω(x, ξ) = ω(x), then
Mp,q1(ω) (R
d) ⊆W p,q1(ω) (R
d) ⊆ Lp(ω)(R
d) ⊆W p,q2(ω) (R
d) ⊆Mp,q2(ω) (R
d).
In partiular, M2(ω) = W
2
(ω) = L
2
(ω). If instead ω(x, ξ) = ω(ξ),
then
W p1,q(ω) (R
d) ⊆Mp,q1(ω) (R
d) ⊆ FLq(ω)(R
d) ⊆ Mp2,q(ω) (R
d) ⊆W p2,q(ω) (R
d).
Here FLq(ω0)(R
d) onsists of all f ∈ S ′(Rd) suh that
‖f̂ ω0‖Lq <∞;
(2) if ω(x, ξ) = ω(x), then the following onditions are equivalent:
• Mp,q(ω)(R
d) ⊆ C(Rd);
• W p,q(ω)(R
d) ⊆ C(Rd);
• q = 1.
(3) M1,∞(Rd) and W 1,∞(Rd) are onvolution algebras. If C ′B(R
d)
is the set of all measures on R
d
with bounded mass, then
W 1,∞(Rd) ⊆ C ′B(R
d) ⊆M1,∞(Rd);
(4) if x0 ∈ R
d
is xed and ω0(ξ) = ω(x0, ξ), then
Mp,q(ω) ∩ E
′ = W p,q(ω) ∩ E
′ = FLq(ω0) ∩ E
′
;
(5) if ω(x, ξ) = ω0(ξ,−x), then the Fourier transform on S
′(Rd)
restrits to a homeomorphism from Mp(ω)(R
d) to Mp(ω0)(R
d). In
partiular, if ω = ω0, then M
p
(ω) is invariant under the Fourier
transform. Similar fats hold for partial Fourier transforms;
(6) for eah x, ξ ∈ Rd we have
‖ei〈 · ,ξ〉f( · − x)‖Mp,q
(ω)
≤ Cv(x, ξ)‖f‖Mp,q
(ω)
,
and
‖ei〈 · ,ξ〉f( · − x)‖W p,q
(ω)
≤ Cv(x, ξ)‖f‖W p,q
(ω)
for some onstant C whih is independent of f ∈ S ′(Rd);
(7) if ω˜(x, ξ) = ω(x,−ξ) then f ∈Mp,q(ω) if and only if f ∈M
p,q
(ω˜);
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(8) if s ∈ R and ω(x, ξ) = 〈ξ〉s, then M2(ω) = W
2
(ω) agrees with H
2
s ,
the Sobolev spae of distributions with s derivatives in L2. That
is, H2s onsists of all f ∈ S
′
suh that F−1(〈 · 〉sf̂) ∈ L2.
(See e. g. [4, 5, 911, 15, 3639℄.)
We also need some fats in Setion 2 in [39℄ on narrow onvergene.
For any f ∈ S ′(Rd), ω ∈ P(R2d), ϕ ∈ S (Rd) and p ∈ [1,∞], we set
Hf,ω,p(ξ) =
(∫
Rd
|Vϕf(x, ξ)ω(x, ξ)|
p dx
)1/p
.
Denition 1.3. Assume that f, fj ∈ M
p,q
(ω)(R
d), j = 1, 2, . . . . Then
fj is said to onverge narrowly to f (with respet to p, q ∈ [1,∞],
ϕ ∈ S (Rd) \ 0 and ω ∈ P(R2d)), if the following onditions are
satised:
(1) fj → f in S
′(Rd) as j turns to ∞;
(2) Hfj ,ω,p(ξ)→ Hf,ω,p(ξ) in L
q(Rd) as j turns to ∞.
Remark 1.4. Assume that f, f1, f2, · · · ∈ S
′(Rd) satises (1) in Deni-
tion 1.3, and assume that ξ ∈ Rd. Then it follows from Fatou's lemma
that
lim inf
j→∞
Hfj ,ω,p(ξ) ≥ Hf,ω,p(ξ) and lim inf
j→∞
‖fj‖Mp,q
(ω)
≥ ‖f‖Mp,q
(ω)
.
The following proposition is important to us later on. We omit the
proof sine the result is a restatement of Proposition 2.3 in [39℄.
Proposition 1.5. Assume that p, q ∈ [1,∞] with q < ∞ and that
ω ∈ P(R2d). Then C∞0 (R
d) is dense in Mp,q(ω)(R
d) with respet to the
narrow onvergene.
Next we reall some fats in Chapter XVIII in [23℄ onerning pseudo-
dierential operators. Assume that a ∈ S (R2d), and that t ∈ R is
xed. Then the pseudo-dierential operator at(x,D) in
(1.4)
(at(x,D)f)(x) = (Opt(a)f)(x)
= (2π)−d
∫∫
a((1− t)x+ ty, ξ)f(y)ei〈x−y,ξ〉 dydξ.
is a linear and ontinuous operator on S (Rd). For general a ∈ S ′(R2d),
the pseudo-dierential operator at(x,D) is dened as the ontinuous
operator from S (Rd) to S ′(Rd) with distribution kernel
(1.5) Kt,a(x, y) = (2π)
−n/2(F−12 a)((1− t)x+ ty, y − x),
where F2F is the partial Fourier transform of F (x, y) ∈ S
′(R2d) with
respet to the y-variable. This denition makes sense, sine the map-
pings F2 and F (x, y) 7→ F ((1 − t)x + ty, y − x) are homeomorphisms
on S ′(R2d). Moreover, it agrees with the operator in (1.4) when a ∈
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S (R2d). If t = 0, then at(x,D) agrees with the Kohn-Nirenberg repre-
sentation a(x,D). If instead t = 1/2, then at(x,D) is the Weyl operator
aw(x,D) of a, and if a, b ∈ S (R2d), then the Weyl produt a#b between
a and b is the funtion whih fullls (a#b)w(x,D) = aw(x,D)bw(x,D).
Next we reall the denition of sympleti Fourier transform, twisted
onvolution and related objets. The even-dimensional vetor spaeR
2d
is a (real) sympleti vetor spae with the (standard) sympleti form
σ(X, Y ) = σ
(
(x, ξ); (y, η)
)
= 〈y, ξ〉 − 〈x, η〉
where 〈·, ·〉 denotes the usual salar produt on Rd.
The sympleti Fourier transform for a ∈ S (R2d) is dened by the
formula
(Fσa)(X) = â(X) = π
−d
∫
a(Y )e2iσ(X,Y ) dY.
Then F−1σ = Fσ is ontinuous on S (R
2d), and extends as usual to a
homeomorphism on S ′(R2d), and to a unitary map on L2(R2d). The
sympleti short-time Fourier transform of a ∈ S ′(R2d) with respet
to the window funtion ϕ ∈ S ′(R2d) is dened by
Vϕa(X, Y ) = Fσ
(
aϕ( · −X)
)
(Y ), X, Y ∈ R2d.
Assume that ω ∈ P(R4d). Then we let Mp,q(ω)(R
2d) and Wp,q(ω)(R
2d)
denote the modulation spaes, where the sympleti short-time Fourier
transform is used instead of the usual short-time Fourier transform
in the denitions of the norms. It follows that any property valid for
Mp,q(ω)(R
2d) orW p,q(ω)(R
2d) arry over toMp,q(ω)(R
2d) andWp,q(ω)(R
2d) respe-
tively. For example, for the sympleti short-time Fourier transform we
have
(1.6) VFσϕ(Fσa)(X, Y ) = e
2iσ(Y,X)Vϕa(Y,X),
whih implies that
(1.7) FσM
p,q
(ω)(R
2d) =Wq,p(ω0)(R
2d), ω0(X, Y ) = ω(Y,X).
Assume that a, b ∈ S (R2d). Then the twisted onvolution of a and
b is dened by the formula
(1.8) (a ∗σ b)(X) = (2/π)
d/2
∫
a(X − Y )b(Y )e2iσ(X,Y ) dY.
The denition of ∗σ extends in dierent ways. For example, it extends
to a ontinuous multipliation on Lp(R2d) when p ∈ [1, 2], and to a
ontinuous map from S ′(R2d)×S (R2d) to S ′(R2d). If a, b ∈ S ′(R2d),
then a#b makes sense if and only if a ∗σ b̂ makes sense, and then
(1.9) a#b = (2π)−d/2a ∗σ (Fσb).
We also remark that for the twisted onvolution we have
(1.10) Fσ(a ∗σ b) = (Fσa) ∗σ b = aˇ ∗σ (Fσb),
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where aˇ(X) = a(−X) (f. [32, 33, 35℄). A ombination of (1.9) and
(1.10) give
(1.11) Fσ(a#b) = (2π)
−d/2(Fσa) ∗σ (Fσb).
2. Twisted onvolution on modulation spaes and
Lebesgue spaes
In this setion we disuss algebrai properties of the twisted onvo-
lution when ating on modulation spaes of the form W p,q(ω). The most
general result is equivalent to Theorem 0.3
′
in [22℄, whih onerns on-
tinuity for the Weyl produt on modulation spaes. Thereafter we use
this result to establish ontinuity properties for the twisted onvolution
when ating on weighted Lebesgue spaes.
The following lemma is important in our investigations. The proof
is omitted sine the result is an immediate onsequene of Lemma 4.4
in [33℄ and its proof, (1.6), (1.9) and (1.10).
Lemma 2.1. Assume that a1 ∈ S
′(R2d), a2 ∈ S (R
2d) and ϕ1, ϕ2 ∈
S (R2d). Then the following is true:
(1) if ϕ = πdϕ1#ϕ2, then ϕ ∈ S (R
2d), the map
Z 7→ e2iσ(Z,Y )(Vχ1a1)(X − Y + Z,Z) (Vχ2a2)(X + Z, Y − Z)
belongs to L1(R2d), and
(2.1) Vϕ(a1#a2)(X, Y )
=
∫
e2iσ(Z,Y )(Vχ1a1)(X − Y + Z,Z) (Vχ2a2)(X + Z, Y − Z) dZ;
(2) if ϕ = 2−dϕ1 ∗σ ϕ2, then ϕ ∈ S (R
2d), the map
Z 7→ e2iσ(X,Z−Y )(Vχ1a1)(X − Y + Z,Z) (Vχ2a2)(Y − Z,X + Z)
belongs to L1(R2d), and
(2.2) Vϕ(a1 ∗σ a2)(X, Y )
=
∫
e2iσ(X,Z−Y )(Vχ1a1)(X − Y + Z,Z) (Vχ2a2)(Y − Z,X + Z) dZ
The rst part of the latter result is used in [22℄ to prove the following
result, whih is essentially a restatement of Theorem 0.3
′
in [22℄. Here
we assume that the involved weight funtions satisfy
(2.3) ω0(X, Y ) ≤ Cω1(X−Y +Z,Z)ω2(X+Z, Y−Z), X, Y, Z ∈ R
2d.
for some onstant C > 0, and that pj , qj ∈ [1,∞] satisfy
1
p1
+
1
p2
−
1
p0
= 1−
( 1
q1
+
1
q2
−
1
q0
)
(2.4)
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and
0 ≤
1
p1
+
1
p2
−
1
p0
≤
1
pj
,
1
qj
≤
1
q1
+
1
q2
−
1
q0
, j = 0, 1, 2.(2.5)
Theorem 2.2. Assume that ω0, ω1, ω2 ∈ P(R
4d) satisfy (2.3), and
that pj , qj ∈ [1,∞] for j = 0, 1, 2, satisfy (2.4) and (2.5). Then the
map (0.1) on S (R2d) extends uniquely to a ontinuous map from
Mp1,q1(ω1) (R
2d)×Mp2,q2(ω2) (R
2d) to Mp0,q0(ω0) (R
2d), and for some onstant C >
0, the bound (0.2) holds for every a1 ∈M
p1,q1
(ω1)
(R2d) and a2 ∈M
p2,q2
(ω2)
(R2d).
The next result is an immediate onsequene of (1.7), (1.11) and
Theorem 2.2. Here the ondition (2.3) should be replaed by
(2.6) ω0(X, Y ) ≤ Cω1(X−Y +Z,Z)ω2(Y−Z,X+Z), X, Y, Z ∈ R
2d.
and the ondition (2.5) should be replaed by
(2.7) 0 ≤
1
q1
+
1
q2
−
1
q0
≤
1
pj
,
1
qj
≤
1
p1
+
1
p2
−
1
p0
, j = 0, 1, 2.
Theorem 2.3. Assume that ω0, ω1, ω2 ∈ P(R
4d) satisfy (2.6), and
that pj , qj ∈ [1,∞] for j = 0, 1, 2, satisfy (2.4) and (2.7). Then the
map (0.3) on S (R2d) extends uniquely to a ontinuous map from
W p1,q1(ω1) (R
2d)×W p2,q2(ω2) (R
2d) to W p0,q0(ω0) (R
2d), and for some onstant C >
0, the bound (0.4) holds for every a1 ∈ W
p1,q1
(ω1)
(R2d) and a2 ∈ W
p2,q2
(ω2)
(R2d).
By using Theorem 2.3 we may generalize Proposition 1.4 in [34℄
to involve ontinuity of the twisted onvolution on weighted Lebesgue
spaes.
Theorem 2.4. Assume that ω0, ω1, ω2 ∈ P(R
2d) and p, p1, p2 ∈ [1,∞]
satisfy
ω0(X1 +X2) ≤ Cω1(X1)ω2(X2), p1, p2 ≤ p
and max
(1
p
,
1
p′
)
≤
1
p1
+
1
p2
−
1
p
≤ 1,
for some onstant C. Then the map (0.3) extends uniquely to a ontin-
uous mapping from Lp1(ω1)(R
2d)×Lp2(ω2)(R
2d) to Lp(ω0)(R
2d). Furthermore,
for some onstant C it holds
‖a1 ∗σ a2‖Lp
(ω0)
≤ C‖a1‖Lp1
(ω1)
‖a2‖Lp2
(ω2)
,
when a1 ∈ L
p1
(ω1)
(R2d), and a2 ∈ L
p2
(ω2)
(R2d).
Proof. From the assumptions it follows that at most one of p1 and p2
are equal to∞. By reasons of symmetry we may therefore assume that
p2 <∞.
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Sine W 2(ω) = M
2
(ω) = L
2
(ω) when ω(X, Y ) = ω(X), in view of Theo-
rem 2.2 in [37℄, the result follows from Theorem 2.3 in the ase p1 =
p2 = p = 2.
Now assume that 1/p1 + 1/p2 − 1/p = 1, a1 ∈ L
p1(R2d) and that
a2 ∈ S (R
2d). Then
‖a1 ∗σ a2‖Lp
(ω0)
≤ (2/π)d/2‖ |a1| ∗ |a2| ‖Lp
(ω0)
≤ C‖a1‖Lp1
(ω1)
‖a2‖Lp2
(ω2)
,
by Young's inequality. The result now follows in this ase from the fat
that S is dense in Lp2(ω2), when p2 <∞.
The result now follows in the general ase by multi-linear interpola-
tion between the ase p1 = p2 = p = 2 and the ase 1/p1+1/p2−1/p =
1, using Theorem 4.4.1 in [1℄ and the fat that
(Lp1(ω)(R
2d), (Lp2(ω)(R
2d))[θ] = L
p0
(ω)(R
2d),
when
1− θ
p1
+
θ
p2
=
1
p0
.
(Cf. Chapter 5 in [1℄.) The proof is omplete. 
By letting p1 = p and p2 = q ≤ min(p, p
′), or p2 = p and p1 = q ≤
min(p, p′), Theorem 2.4 takes the following form:
Corollary 2.5. Assume that ω0, ω1, ω2 ∈ P(R
2d) and p, q ∈ [1,∞]
satisfy
ω0(X1 +X2) ≤ Cω1(X1)ω2(X2), and q ≤ min(p, p
′)
for some onstant C. Then the map (0.3) extends uniquely to a ontin-
uous mapping from Lp(ω1)(R
2d)×Lq(ω2)(R
2d) or Lq(ω1)(R
2d)×Lp(ω2)(R
2d)
to Lp(ω0)(R
2d). Furthermore, for some onstant C it holds
‖a1 ∗σ a2‖Lp
(ω0)
≤ C‖a1‖Lp
(ω1)
‖a2‖Lq
(ω2)
, a1 ∈ L
p
(ω1)
(R2d), a2 ∈ L
q
(ω2)
(R2d)
and
‖a1 ∗σ a2‖Lp
(ω0)
≤ C‖a1‖Lq
(ω1)
‖a2‖Lp
(ω2)
, a1 ∈ L
q
(ω1)
(R2d), a2 ∈ L
p
(ω2)
(R2d).
In the next setion we need the following renement of Theorem 2.4
onerning mixed Lebesgue spaes.
Theorem 2.4
′
. Assume that k ∈ {1, 2}, ω0, ω1, ω2 ∈ P(R
2d) and
p, pj, q, qj ∈ [1,∞] for j = 1, 2 satisfy
ω0(X1 +X2) ≤ Cω1(X1)ω2(X2), p1, p2 ≤ p, q1, q2 ≤ q,
max
(1
p
,
1
p′
,
1
q
,
1
q′
)
≤
1
p1
+
1
p2
−
1
p
≤ 1 and
max
(1
p
,
1
p′
,
1
q
,
1
q′
)
≤
1
q1
+
1
q2
−
1
q
≤ 1,
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for some onstant C. Then the map (0.3) extends uniquely to a on-
tinuous mapping from Lp1,q1k,(ω1)(R
2d)× Lp2,q2k,(ω2)(R
2d) to Lp,qk,(ω0)(R
2d). Fur-
thermore, for some onstant C it holds
‖a1 ∗σ a2‖Lp,q
k,(ω0)
≤ C‖a1‖Lp1,q1
k,(ω1)
‖a2‖Lp2,q2
k,(ω2)
,
when a1 ∈ L
p1,q1
k,(ω1)
(R2d), and a2 ∈ L
p2,q2
k,(ω2)
(R2d).
Proof. The result follows fromMinkowski's inequality when p1 = q1 = 1
and when p2 = q2 = 1. Furthermore, the result follows in the ase
p1 = p2 = q1 = q2 = 2 from Theorem 2.4. In the general ase, the
result follows from these ases and multi-linear interpolation. 
3. Window funtions in modulation spae norms
In this setion we use the results in the previous setion to prove
that the lass of permitted windows in the modulation spae norm an
be enlarged. More preisely we have the following.
Proposition 3.1. Assume that p, p0, q, q0 ∈ [1,∞] and ω, v ∈ P(R
2d)
are suh that p0, q0 ≤ min(p, p
′, q, q′), vˇ = v and ω is v-moderate. Also
assume that f ∈ S ′(Rd). Then the following is true:
(1) if ϕ ∈ Mp0,q0(v) (R
d) \ 0, then f ∈ Mp,q(ω)(R
d) if and only if Vϕf ∈
Lp,q1,(ω)(R
2d). Furthermore, ‖f‖ ≡ ‖Vϕf‖Lp,q
1,(ω)
denes a norm
for Mp,q(ω)(R
d), and dierent hoies of ϕ give rise to equivalent
norms;
(2) if ϕ ∈ W p0,q0(v) (R
d) \ 0, then f ∈ W p,q(ω)(R
d) if and only if Vϕf ∈
Lp,q2,(ω)(R
2d). Furthermore, ‖f‖ ≡ ‖Vϕf‖Lp,q
2,(ω)
denes a norm
for W p,q(ω)(R
d), and dierent hoies of ϕ give rise to equivalent
norms.
For the proof we reall that the (ross) Wigner distribution of f ∈
S ′(Rd) and g ∈ S ′(Rd) is dened by the formula
Wf,g(x, ξ) = F (f(x/2− · )g(x/2 + · )(ξ).
If f, g ∈ S (Rd), then Wf,g takes the form
Wf,g(x, ξ) = (2π)
−d/2
∫
f(x− y/2)g(x+ y/2)ei〈y,ξ〉 dy.
From the denitions it follows that
Wf,g(x, ξ) = 2
dei〈x,ξ〉/2Vgˇf(2x, 2ξ),
whih implies that
(3.1) ‖Wf,ϕˇ‖Lp,q
k,(ω0)
= 2d‖Vϕf‖Lp,q
k,(ω)
, when ω0(x, ξ) = ω(2x, 2ξ)
for k = 1, 2.
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Finally, by Fourier's inversion formula it follows that if f1, g2 ∈
S ′(Rd) and f1, g2 ∈ L
2(Rd), then
(3.2) Wf1,g1 ∗σ Wf2,g2 = (fˇ2, g1)L2Wf1,g2.
Proof of Theorem 3.1. We may assume that p0 = q0 = min(p, p
′, q, q′).
Assume that ϕ, ψ ∈ Mp0,q0(v) (R
d) ⊆ L2(Rd), where the inlusion follows
from the fat that p0, q0 ≤ 2 and v ≥ c for some onstant c > 0. Sine
ω is both v-moderate and vˇ-moderate, and ‖Vϕψ‖Lp0,q0
k,(v)
= ‖Vψϕ‖Lp0,q0
k,(v)
when vˇ = v, the result follows if we prove that
(3.3) ‖Vϕf‖Lp,q
k,(ω)
≤ C‖Vψf‖Lp,q
k,(ω)
‖Vϕψ‖Lp0,q0
k,(v)
,
for some onstant C whih is independent of f ∈ S ′(Rd) and ϕ, ψ ∈
Mp0,q0(v) (R
d).
If p1 = p, p2 = p0, q1 = q, q2 = q0, ω0 = ω(2 · ) and v0 = v(2 · ), then
Theorem 2.4
′
and (3.2) give
‖Vϕf‖Lp,q
k,(ω)
= C1‖Wf,ϕˇ‖Lp,q
k,(ω0)
= C2‖Wf,ψˇ ∗σ Wψ,ϕˇ‖Lp,qk,(ω0)
≤ C3‖Wf,ψˇ‖Lp,qk,(ω0)
‖Wψ,ϕˇ‖Lp0,q0
k,(v0)
= C4‖Vψf‖Lp,q
k,(ω)
‖Vϕψ‖Lp0,q0
k,(v)
,
and (3.3) follows. The proof is omplete. 
4. Pseudo-differential operators with symbols in
modulation spaes
In this setion we disuss ontinuity of pseudo-dierential operators
with symbols in modulation spaes of the form W p,q(ω), when ating be-
tween modulation spaes.
The main result is the following theorem, whih is based on Propo-
sition 4.2.
Theorem 4.1. Assume that p, q ∈ [1,∞], ω1, ω2 ∈ P(R
2d) and ω ∈
P(R4d) are suh that
(4.1)
ω2(x, ξ + η)
ω1(x+ y, ξ)
≤ Cω(x, ξ, η, y)
holds for some onstant C whih is independent of x, y, ξ, η ∈ Rd. Also
assume that a ∈ W q,p(ω)(R
2d). Then the denition of a(x,D) from S (Rd)
to S ′(Rd) extends uniquely to a ontinuous mapping from Mp
′,q′
(ω1)
(Rd)
to W q,p(ω2)(R
d). Furthermore, it holds
‖a(x,D)f‖W q,p
(ω2)
≤ C‖a‖W q,p
(ω)
‖f‖
Mp
′,q′
(ω1)
for some onstant C whih is independent of f ∈ Mp
′,q′
(ω1)
(Rd) and a ∈
W q,p(ω)(R
2d).
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The proof is based on duality, using the fat that if a ∈ S ′(R2d),
f, g ∈ S (Rd) and T is the operator, dened by
(Tψ)(x, ξ) = ψ(ξ,−x)(4.2)
when ψ ∈ S ′(R2d), then
(a(x,D)f, g)L2(Rd) = (2π)
−d/2(T (Fa), Vfg)L2(R2d),(4.3)
by Fourier's inversion formula.
For the proof of Theorem 4.1 we shall ombine (4.3) with the follow-
ing weighted version of Proposition 3.3 in [2℄.
Proposition 4.2. Assume that f1, f2 ∈ S
′(Rd), p, q ∈ [1,∞], ω0 ∈
P(R4d) and ω1, ω2 ∈ P(R
2d). Also assume that ϕ1, ϕ2 ∈ S (R
d), and
let Ψ = Vϕ1ϕ2. Then the following is true:
(1) if
(4.4) ω0(x, ξ, η, y) ≤ Cω1(−x− y, η)ω2(−y, ξ + η)
for some onstant C, then
‖VΨ(Vf1f2)‖Lp,q1,(ω0)
≤ C‖Vϕ1f1‖Lp,q1,(ω1)
‖Vϕ2f2‖Lq,p2,(ω2)
;
(2) if
(4.5) ω1(−x− y, η)ω2(−y, ξ + η) ≤ Cω0(x, ξ, η, y)
for some onstant C, then
‖Vϕ1f1‖Lp,q1,(ω1)
‖Vϕ2f2‖Lq,p2,(ω2)
≤ C‖VΨ(Vf1f2)‖Lp,q1,(ω0)
;
(3) if (4.4) and (4.5) hold for some onstant C, then f1 ∈ M
p,q
(ω1)
(Rd)
and f2 ∈ W
q,p
(ω2)
(Rd), if and only if Vf1f2 ∈M
p,q
(ω0)
(R2d), and
C−1‖Vf1f2‖Mp,q(ω0)
≤ ‖f1‖Mp,q
(ω1)
‖f2‖W q,p
(ω2)
≤ C‖Vf1f2‖Mp,q(ω0)
,
for some onstant C whih is independent of f1 and f2.
Proof. It sues to prove (1) and (2), and then we prove only (1), sine
(2) follows by similar arguments. We shall mainly follow the proof of
Proposition 3.3 in [2℄, and then we only prove the result in the ase
p <∞ and q <∞. The small modiations when p =∞ or q =∞ are
left for the reader.
By Fourier's inversion formula we have
|Vϕf1(−x− y, η)Vϕf2(−y, ξ + η)| = |VΨ(Vf1f2)(x, ξ, η, y)|
(f. e. g. [2, 12, 15, 31, 32℄). Hene, if
F1(x, ξ) = Vϕ1f1(x, ξ)ω1(x, ξ) and F2(x, ξ) = Vϕ2f2(x, ξ)ω2(x, ξ),
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then we get
‖VΨ(Vf1f2)‖
q
Lp,q
1,(ω0)
=
∫∫
R2d
(∫∫
R2d
|VΨ(Vf1f2)(x, ξ, η, y)ω0(x, ξ, η, y)|
p dxdξ
)q/p
dydη
≤ Cq
∫∫
R2d
(∫∫
R2d
|F1(−x− y, η)F2(−y, ξ + η))|
p dxdξ
)q/p
dydη.
By taking −y, ξ + η, −x− y and η as new variables of integration, we
obtain
‖VΨ(Vf1f2)‖
q
Lp,q
1,(ω0)
≤ Cq
(∫
Rd
(∫
Rd
|F1(x, η)|
p dx
)q/p
dη
)(∫
Rd
(∫
Rd
|F2(y, ξ)|
p dξ
)q/p
dy
)
= Cq‖Vϕ1f1‖
q
Lp,q
1,(ω1)
‖Vϕ2f2‖
q
Lq,p
2,(ω2)
.
This proves the assertion. 
Proof of Theorem 4.1. We may assume that (4.1) holds for C = 1 and
with equality. We start to prove the result when 1 < p and 1 < q. Let
ω0(x, ξ, η, y) = ω(−y, η, ξ,−x)
−1,
and assume that a ∈ W q,p(ω)(R
2d) and f, g ∈ S (Rd). Then a(x,D)f
makes sense as an element in S ′(Rd).
By Proposition 4.2 we get
(4.6) ‖Vfg‖Mp′,q′
(ω0)
≤ C‖f‖
Mp
′,q′
(ω1)
‖g‖
W q
′,p′
(ω−1
2
)
.
Furthermore, if T is the same as in (4.2), then it follows by Fourier's
inversion formula that
(Vϕ(T â))(x, ξ, η, y) = e
−i(〈x,η〉+〈y,ξ〉)(VT bϕa)(−y, η, ξ,−x).
This gives
|(Vϕ(T â))(x, ξ, η, y)ω0(x, ξ, η, y)
−1|
= |(Vϕ1a)(−y, η, ξ,−x)ω(−y, η, ξ,−x)|,
when ϕ1 = T ϕ̂. Hene, by applying the L
p,q
1 norm we obtain ‖T â‖Mp,q
(ω−10 )
=
‖a‖W q,p
(ω)
.
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It now follows from (12) and (4.6) that
(4.7) |(a(x,D)f, g)| = (2π)−d/2|(T â, Vgf)|
≤ C1‖T â‖Mp,q
(ω
−1
0 )
‖Vfg‖Mp′,q′
(ω0)
≤ C2‖a‖W q,p
(ω)
‖f‖
Mp
′,q′
(ω1)
‖g‖
W q
′,p′
(ω−12 )
.
The result now follows by the fats that S (Rd) is dense in Mp
′,q′
(ω1)
(Rd),
and that the dual of W q
′,p′
(ω−12 )
is W q,p(ω2) when p, q > 1.
If instead p = 1 and q < ∞, or q = 1 and p < ∞, then we assume
that f ∈ Mp
′,q′
(ω1)
and a ∈ S (R2d). Then a(x,D)f makes sense as an
element in S (Rd), and from the rst part of the proof it follows that
(4.7) still holds. The result now follows by duality and the fat that
S (R2d) is dense in W q,p(ω)(R
2d) for suh hoies of p and q.
It remains to onsider the ases p = q′ = 1 and p = q′ = ∞.
In this ase, the result follows by using the fat that S is dense in
M∞,1(ω) and W
1,∞
(ω) with respet to the narrow onvergene. The proof is
omplete. 
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